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Appendix

A: Asymptotic Properties for Unpenalized Estimators

To study the asymptotic properties of the unpenalized estimators, we introduce the following

assumptions:

(A1) The copula is Lipschitz continuous in its dependence parameter §. The function 6(-) is
continuous, bounded, not constant everywhere and has second order continuous derivatives

on Ap with Ap being the domain of A.

(A2) There exists no perfect multicollinearity within the components of W, and none of the

components of W is constant.
(A3) The first element of 7 is positive and ||y|| = 1, where || - || is the Euclidean norm (L2 norm).

(A4) For any v € Ay and A € Ay, the density function f(A) is continuous and there exists € > 0
such that f(A) > e.

(A5) The copula likelihood function £.(1),~,0) has bounded third derivative with respect to
and bounded second derivatives with respect to ¢. The marginal likelihood function £,,;(1))

has bounded second derivative with respect to 1.
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(A6) The kernel function k(z) is twice continuously differentiable on its support, and its second
derivative satisfies a Lipschitz condition. Define the kernel constants us = [ 22k(2)dz < oo

and vp = [ k*(2)dz < oo.
(A7) The bandwidth h satisfies h — 0 and Th — oo, as T' — oo.

(A8) Assume that {X;, Z;}1, is a strictly stationary a-mixing sequence. There exists some

constant ¢ > 2 such that E||X¢||° < oo, E||Z]|¢ < oo and E||l.,(6p(A))||¢ < oo, and the

1-2/¢ < oo for some ¢; > 1 — 2/c. Further,

mixing coefficient «(f) satisfying > 5, (< a(f)
assume that there exists a sequence of positive integers satisfying ¢ — oo and fp =

0p((Th)Y/?) such that (T/h)"/?2a(fr) — 0 with h being the bandwidth, as T — co.

(A9) Ilglgo{\/fpi\T(|fyk\)} =0and p}_(Jv]) = 0fork=1,...,d;, and Thf;o{ﬁinf\'yk\SC/\/Tp//\T(ka’

— oo for k=dy+1,...,d, and for any C > 0.

Many commonly used copulas, such as the Gaussian, Clayton, and Gumbel copula, satisfy As-
sumption (Al). Assumptions (A2)-(A3) are mild conditions for identification. It is obvious that
~ cannot be identified if # is a constant. The no perfect multicollinearity condition in Assumption
(A2) is similar to that in classical linear models. A constant is excluded from W as it can be ab-
sorbed by the nonparametric function 6. As + is identified up to sign and scale, Assumption (A3)
imposes sign and scale restrictions for identification. Assumption (A4) is imposed so that nonpara-
metric estimators are well defined. Assumption (A5) is for deriving the asymptotic distribution.
Assumptions (A6) and (A7) are common in nonparametric estimation. In our simulation and em-
pirical study, the commonly adopted Epanechnikov kernel function k(u) = 3/4(1 — u?)I(|u| < 1)
is used, where I(|u| < 1) takes the value 1 if |u] < 1 and 0 otherwise. Assumption (AS8) is for
weakly dependent data, which can also be found in Section 6.6.2 in the book of Fan and Yao
(2005). Many time series processess, such as ARMA and GARCH which are widely used in fi-
nance and econometrics, satisfy the a-mixing conditions under some mild conditions (e.g., Cai,
2002; Basrak, Davis and Mikosch, 2002). Assumption (A9) holds when the tuning parameter
Ar — 0 and VTAr — oo as T — oo, which are commonly employed in SCAD-based variable
selection; see Fan and Li (2001) for details.

We define € = (@T, AT)T with 4 being the unpenalized estimator of . The asymptotic prop-
erties for é is summarized in the following theorem.

Theorem A.1 Let {Xt,Zt}thl be a strictly stationary a-mizing sequence following the index



copula model in (2?). Under Assumptions (A1)-(A9), as T — oo, ||€ — &l = Op(T~Y/?) and
VI(§ - &) S N (O, V),

where V.= M7YQ(M)T with M = —1.E 0l1(0y, my, &) /06 and Q = D oo Ty with Ty =
Cov (G, Gi—j) and G = (L (Y0)T, (00, My, §0)T)T-

If the random vector sequence {(;}72; is either i.i.d. or a martingale difference sequence, then
the long-run variance 2 simplifies to 2 = I'(0) = Var(¢;). Otherwise, the autocovariance function

I'(j) may not be zero at least for some lag j # 0 due to the serial correlation of (;.

Remark 1. To find the asymptotic distribution of the unpenalized estimator 7 in the index copula
model, we define v = (0,13), where 0 is a d X d,, matriz of zeros, and Iy is the d-dimensional
identity matrix, where d,, and d are the dimensions of ¥ and -y, respectively. Then, as T — oo,

\/T(’NY - %) 4 N(0,Vy) where Vyy = (VT

B: Mathematical Proofs

In this subsection, we prove the main results of theorems in Appendix A and Section 2.
Proof of Theorem A.1l: The proof for Theorem A.l is similar to the proof of Theorem 2

without the penalty term, so we omit it here.

Lemma 1. For any given constant C,

sup
lé—éoll<CT—1/2

TG, i, €) = T 2T1(B0, 1, €0) + TV2ME = €0) | = 0p(1)

where M = — 2 E 011(0y, may, &)/ O€.

Proof: We have

T=Y210(8, 11y, €) — T~ 2100, M, o)
= TG, tiv, €) — TP, muy, €) + T 2116, i, €) — T H/2T1(B0, s, €)
+T Y210y, M, £) — T~ V211(0, M, &)

= Ay + As + Ag



where

A= T7V2I00, 1, €) — T7V2I1(0, muy, €)
_ i i Loy B i Z Crng
T\ 0, (0,7,0)0 (M) (W — 1 (Ay) TAm\ (0,7, 000" (M) (W — mas(A¢))

TS\ 7. 00 (M) (mu(A) = (M) )
Define Ry = £.,(1), v, 0)8 (A¢) (M (Ay) — 125 (A)). Note that

1

Var(R1) = E{(3 (1,7, 0)0% (A1) (my (A1) — 1, (A1))%} = Op(77,)

By stationarity, we have

S

-1

1 T
Var(ﬁ ; R;) = Var(Ry) + 1 (1 —5/T)cov(R1, Rss1).

©
Il

Following the same technology on pages 251-252 of Fan and Gijbels (1996), we can show
ST leov(Ry, Rot1)| = 0p(7)- Tt follows that

1
V. Ry) = 1 d A = 1).
ar(ﬁ; ;) =0p(1) and Ay = o,(1)
Next,
Ay = T7Y21(0,my, ) — T~ V211(6p, My, €)

T (o
N T tZ:; [E/ct(wa s é)é,(At) - Elct(wv s 90)06(/\15)} (Wi — mu(Ay))

and
T ~ ~
T3 00,708 (M) = £a(16,7, 60)05(Ar) | (Wi = mau(A))
t=1
T
= TN [ 0,7, 008 (M) — £ (8,7, 0)80 ()| (Wi — (A1)
t=1

T
+T12Y [ﬁ’ct(w, v, 0)00(Ae) — Loy (1,7, ‘90)96(/\0} (Wi = ma(As))
t=1

= Ao+ Ax



By the same precedures for proving A;, we can show

T
Agy = T2 37 [0, (0,7, 0)0 (Ar) = €4(8,,0)8(A0) | (Wi = man(A1)) = 0,(1),
t=1
and
T ~
A= T7V2Y 00,7, 008 (Ar) = L7, 00)0(A)| (W = miu(A)
t=1
- T—WZ [ {20(0,7,80)(8 = 60)} {1+ 0,(1)} ] 05 (M) (We = mas(Ar))
= op(1).

This implies that Ay is of order o,(1). Finally,

Az = T Y210(0g, M, €) — T~ 21(00, M, &)

= T7V2{(A1L(8g, muw, £0)/0€) (€ — o) H1 + 0p(1)}
= VT(=M)(£ — &) + op(1).

Therefore, T~ /211(0, 171, €)— T~/ 211(8, Ma, £0) + T2 M (E—&9) = A1+As+Az+TV2M (&) =

op(1), which implies the stated result.

Proof of Theorem 1:
Let € = & + T~'/2v with ||v|| = C. For any small constant € > 0, if we can show there exists a

large constant C' such that

P{ min ~ VT(¢ - §O)T(—MT)\/1THP(é,mw,§) > o} >1—¢

l¢—=goll=T—1/2C

where I (0, 11, £) = T1(, 1ha, €) —Tp (|€])sgn (&), then we can choose a v/T-consistent estimator

),
¢ satistying both ||€ — &|| = O,(1/V/T) and TI¥ (6, 1714, €) = 0
Lemma 1 implies
N @)T(—MT)%HF(é,mw,@

= VT(E—&)T(-MT) \}TH(QO’ M, &) = VT M (€ = &) — VTPA(I€])sgn(€) + op(1)

Y

VT (¢ - io)T(—MT)\%H(Goymwaﬁo) + VT (€~ &)TMTMVT(E - &)



FVT(E — &)TMoVTPA (|7 )sgn(v1)

= VT EO)T(—MT)\%Hwo, M, &) + VT (€ — &)TMTMVT (€ — &)

VT (€ — &)TMa{VTPA(|710])880(710) + VTPK (I110]) (71 — 710) H1 + 0p(1)} (1)

where My is a submatrix of the partition MT = (M, My, M3) with M;, M and M3 being
(dm + d) X dp, (dm, + d) x dy and (d, + d) % (d — di) matrices, respectively.

The first term on the right hand side of the last inequality in (1)) is of order C'* O, (1) and the
second term is of order C% x O, (1). Using Assumption (A9), v'Tp) (|710]) — 0 and p%(|y10]) — 0.
By choosing the constant C' sufficiently large, the second term will dominate the other two terms.
This completes the proof.

O
Proof of Theorem 2: We first show the sparsity with 42 = 0. Suppose a v/T-consistent
estimator £* = (47,47, 40)T with 4y # 0 such that IT” (6, 17, £*) = 0 exists. By Lemma 1,

\}TH(%,mw,&)) “VTME — &) + 0p(1) = VTD'(€*)sn(€"). 2)

The first two components on the left hand side of (2)) are of order Op(1). However, the last d —d;
elements of vTp/(€*) on the right hand side diverge to infinity by Assumption (A9). Therefore,
by contradiction, we conclude that 49 = 0 must hold.

Second, we show asymptotic normality. By Lemma 1, we have

\}Tﬂ(%,mwp&o) — VT M (& — €10) + 0p(1) = VTP (€1)sgn(éy)

where & = (4)7,47)7. The term vTp’(&;) = 0 as T — oo according to the conditions in (A9). It
follows that

VT M (€; — &10) (6o, ey > £10) + 0p(1).

1
=—=II
VT
Further, the condition (i) of Theorem 2.21 in Fan and Yao (2005) holds by Assumption (A8), and

the asymptotic normality can be obtained by Theorem 2.21 in Fan and Yao (2005).

For the proof of Theorem 3 we need the following lemma.

Lemma 2. Assume that the parametric estimators @ZA) and 4 and the local constant estimator

0 are obtained from the three-step procedure of Section 2.1 and satisfy || — ol = 0,(1/VT),



14 — 70l = Op(1/VT) and 160 — 6o = Op(1/VTh). Define the local log-likelihood function as
T
Lh(wv v 9) = Z gct(w7 v e)kh(’yTWt - A)a

t=1

where Lot (1,7, 0) = log c(ug; 0(yTWh)). Under Assumptions (A1)-(A9), we have

Li(1,%,0) — Lp(10,70,00) = L (20,70, 8) — Li (10,70, 00) + 0p(1/h).

Proof: Let

Lh(qz}a ﬁ/’ é) - Lh(¢07 70, 00)

= Lh(@v ’% é) - Lh(¢7 70, é) + Lh(qﬁa Y0, é) - Lh(w(b 70, é) + Lh(?,b(], 0, é) - Lh(w()a 70, 90) .

-~

I I I3

By Taylor expansion and the conditions [|¢) — ¢l = Op(1/VT), |5 — 0|l = Op(1/VT) and
16 — 6|l = O,(1/V/Th), the first term I is given by

L= Lu(,500%,9)) = La(¥, 0,0, 70))
S PR L )
_ jf Palbo 0 000,200 140,173 | V(G — 70101 + 051}
= | RO O o, 1)1+ 0] VEG - 01+ 04(0)

is of order Op(1). In the same vein, we can show that the second term,

L= Lyp(®,7,00,%)) — Ln(to, 70, (0, 70))

i 6Lh(¢07 0, é(w(ﬁ "YO))
T o

_ 1 9Ln(v0, 70, 00(¢0,70)) ) - )
N [\/T b {1+ p(l)}] VT = 90){1 + 0,(1)}

VT () — o) {1 + 0p(1)}

is of order Op(1). The term on the right hand side T~20 Ly, (4o, 70, 0(0,70))/0¢ is of order
O,(1) since the first order derivative of the marginal likelihood T~'/20L,,(1))/9¢ and the first
order derivative of the full likelihood T~Y/29L,,(10) /0% + T~2Ly (40, Y0, 0 (10, Y0)) /0% are of
order Op(1). This implies that Li(¥,70,0) — Ly (10,70, 0) is of order Op(1).



Furthermore, by Taylor expansion and the condition [|§ — 6o|| = O,(1/v/Th), the last term

1| [h dLp(v0, 70, 60) 5
I3 = - —————— | VTh(0 — 0p){1 1
s= |y w0 ) )1 4 0y(1))
is of order Op,(1/h) and dominates the other two terms. This completes the proof. O

Lemma 2 suggests that we can derive the asymptotic distribution of 6 without considering
the errors from the parametric estimation. The estimators of (@@ﬁ) have little effect on the
estimation of 6 if the sample size T is large. This result is in line with the fact that the conver-

gence rate of the parametric part of the model is faster than that of the nonparametric component.

Proof of Theorem 3: Using Lemma 2 we can assume that 1y and 7y are known for sim-
plicity. Define the kernel constants uy = [ 22k(2)dz, vo = [k*(2)dz and v = [ 22k?(2)dz.
Let A = 9JWi, Lea(8(A)) = Ler(¥0,70,6), L(O(A)) = F iy Ler(O(A)) i (Ae = A), L'(O(N)) =
ST L (O(A)) k(A — A) and L7(0(A)) = & 3004 €4,(0(A))kn(Ay — A). For a fixed point A ly-

ing in the interior of the support Ay, the normal equation for the local likelihood-based estimator

is given by L'(6(A)) = 0. By a Taylor expansion, it can be written as
L'(6o(A)) + L"(60(A)(B(A) = 0o(A)) + 0,(1/VTh) =0,

which leads to

A~

B(A) —Bo(A) = —[L"(0(A)] " L'(Bo(A)) + 0,(1/VTh).

By the moment condition, we have

0 = E{f(00(A))[Ar = A}
= E{l,(00(A) + 1) |Ay = A}
~ E{ly(00(A))[Ae = A} + e E{Lc(00(A)) Ay = A} + 0p(re),

where r, = 0)(A)(Ay—A)+305(A)(Ay—A)?+0,(A—A)2. By construction, we have E{€,,(6o(A))|A; =
A} = —r E{0},(00(A))|As = A} + op(r). Thus,

T
B(L/(6(A)IA = A} =~ S rB{C(60(A)) A = AYkn(A — A)
t=1

1 T
= 75(A) tzl rekn(Ar — A)



where X(A) = —E{¢/,(0p(A))|Ar = A}. Note that

E{L"(6o(AN)|As = A} — Z E{%,(80(A))|Ay = AYkp(As — A)

=—f( ) (A) +0p(1).

It follows by a Taylor expansion and the Riemann sum approximation of an integral that the bias

term of f(A) can be expressed as

E{O(A)|A¢ = A} — fo(A)
—[E{L”wo( )AL = A} TUE{L (0(A))A; = A}

T
Z{ INERY <A><At—A>2} kn(Ac — A)

t=1

ZZ

22

2f(A)
00 (M) uf (A + uh)k( du+ /9 Ju? f(A + uh)k(u)du

T
Fy ] A= WAk~ 00+ g [N - AP FARA: - M)y
h
h2 /
— O W+
= 2B(A) + 0p(?),

h?
28 e + 0y (1)

where B(A) = 555 (05(A) f/(A)p2 + 305 (M) pa).
To find the expression for Var{L'(6y(A))|A; = A}, let Q = ST Qq, where Q; = £1,(00(A)) ey (Ar—
A). Note that Var(Qy) = M@ (A) + 0, (1) with ®(A) = E{¢,(6(A))l, (6o (A))T|A; = A}.

By stationarity, we have

T-—1
Var(Q) = %Var(@l) n % 21(1 — 8/ T)eov(Qr, Qsir).
Define
dr—1 T-1
Ti=> leov(@Q1, Qo) and Jo= > [cov(Qr, Qoy1)l;
s=1 s=dr

where dr satisfies dr — oo and drh — 0. Following the same technology on pages 251-252 of

Fan and Gijbels (1996), we can show J; = 0,(1/h) and Jy = 0p(1/h). It follows that

T-1

3 leov(@1,Quer)| = 0(1/h) and Var(@) = T Wa(y)
s=1




Therefore, the variance term is given by

Var{0(A)|A; = A}

— B{L"(60(A))[As = A}~ Var{Z'(Go(A))| A, = AYE{L"(60(A))[A, = A}~
1

= Thi A X (A) e (A)Z(A) L

By using Assumption (A8), and the score function with Q; = €.,(0o(A))kr(Ar—A), we establish
the asymptotic normality for é(A) by Doob’s small-block and large-block technique, which is
similar to the proofs on pages 252-255 of Fan and Gijbels (1996). Details are omitted here. This

completes the proof.
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