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1 List of Results To Be Proved

Mean Value Approximation. The following mean value approximation holds:
= T\ 1 (S 12
m20, = G (-) I, FBJ{ —= === - +4;, (1
7 m) e BN 7 ~\ H VT =\ H, » W

where limp_osup; A; = o, (1).

Proposition 1 (Preliminary Asymptotic Result) Under Assumptions 1-4 and T~/2¢r —
€ in Dyera [0,1]:

1 I~ brey I 0 fesn / 12
— 7 = Q(s,7) "7 dE (s),
ﬁtz; ( 0 ARt * [q hy 0 ( ) 5( )

where € (s) = SY2By1, (s), Buiy (s) is an (¢ + q) x 1 vector of independent standard Brownian

motions, D denotes the space of cadlag functions, “=” denotes weak convergence with respect

- 0
to the Skorohod metric, and (s, 7)"* = 75 () Ls :
0 o (s, 7)1,

Proposition 2 (Asymptotic Distribution of @;) Under Assumptions 1-4 and T~2&p —
5 m DR(€+q) [0, 1]

-~

w28 [ G r) By ()= [ B (57 = ) By () = Ba (1) = Ba(r =) (2
. /OTW (5,7) dBrsy (5) = B () = B, </0w (5,7)w (s, T)’ds) | (3)

where
G (s,7) = p2G L I, FB|Q (s, 7)"/* SV2, (4)

w(s,7) = u 3G 1[I, FB]{ [Q (5,7)/2 — Q(s,7 — M)W] (s <7 —p) (5)

+ Q@) 1(r—p<s<7)}SV?

Biiq (s) is an (€ + q) x 1 vector of independent standard Brownian motions and = denotes

equality in distribution.



Proposition 3 (Calculation of [ w (s, 7)w (s, 7)" ds )

/OTw (s,7)w(s,7) ds=p*G™* { (f:fu o7 (s) ds) Srr+ (fiu or(s)on(s,7) ds)
(FBSp o+ SpBF) + [ (o (s.7) = o (5.7 =) Ls <7 )
+op (5,7) - 1(1 —p < s <7)] dsFBSy,B'F'} G,

where

(i) f:_ﬂ 0% (s)ds = for both rolling and recursive cases;

(i) recursive: let 7 = u/ (1 — ) ;

S op(s)on(s,7)ds = p[l =7 In(1+7)] and

Jy [(on (s,7) —op(s, 7 =) 1(s<T—p)+0i(s,7) 1(T—p<s< 7)]ds =2u[l =7 In(1+7)];
(iii) rolling: let nt = E;

(a) if u > p, then

S o5 (s)on(s,7)ds = p (1—5%) and

Jy [(on (s,7) —op(s, 7 =) 1(s<T—p)+02(s,7) 1 (T —p<s <7)]ds=p(1—-3%);
(b) if u < p, then

f:—u or(s)on (s,7)ds = spum' and

[T on(s,7) —on(s,7— ) 1(s <T—p)+02(s,7) - 1(r—p<s<r7)ds=pr(1-1Lixt).

Proposition 4 (Calculation of [/ & (s,7)@ (s,7) ds )

[atnatas=iet {([Tareas) s ([ o)«

x (FBSyn, + S B'F') + ( / or (s,7) ds> FBSth’F’} G,
0

where

(i) [, 0% (s)ds = (T — p) for both rolling and recursive cases;

(i) recursive:

f:—u on(s,7)os(s)ds = (1 —p) (1 - n (%)) and

fOT o2 (s,7)ds =2(1 — p) (1 — %ln (%)) :

(i) rolling:

(a) if T —p > p, then

Jyop(s)on(s,7)ds = (1 —3p) and [] of (s)ds = (T — 3p);

(b) if T —p < p, then

Jo or(s)on(s,7)ds = 2%) (t —p)? and Jo o (s)ds = # (t—p)2(4p—71).
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Theorem 5 (Main Proposition ) Under Assumption 1-4,

_ .0 -1
Wi = mil} V; 10,

= [ ([ wims e i o ([wonoers)]. ©
oo v (8 o

-1 1 d ft+h ' ~—1
= G711, FB]Avar (\/—m Z ( I )) [I,, FB]'G

— /OTW (s,7)w (s, 7) ds, (8)

Jj=1[1mT], m = [uT] and B, (-) is a standard ¢-dimensional Brownian motion. Let 0; be the

where

true parameter value. We reject the null hypothesis:

Hy:0; =00 ,60,=0 forallj=R+m,..,T (9)

.....

level that can be simulated for given values of u, ¢, G, F, B and S.

Proposition 6 (Special Case I: Irrelevant Parameter Estimation Error) Under the
condition I' = 0, parameter estimation error becomes irrelevant and fOT w(s,T)w (s, ) ds be-

comes G718y G and [ @ (s, )@ (s,7) ds = @GilsffG*I for all estimation schemes.

Proposition 7 (Special Case II: Forecast Unbiasedness and Efficiency Tests) Under
the condition:

1
Sty = =5 (FBSy; + SpB'F') = FBSuB'F, (10)

fy @(s,7)@ (s,7)"ds in Proposition 4 becomes:

~ ; . TP -1 ~1.
(i) recursive case: = LG Sp G
(ii) rolling case:
(a) i%G_l;S’ffG_l, if T—p > p; and

— T— 2 _ _ .

(b) 2] (1 — o) ) G1S;GY, if T —p < p.
Furthermore, fOTw (s,7)w (s,7) ds in Proposition 3 becomes \G~1S;;G1, where:

(i’) recursive case: A = 1;
(ii’) rolling case: let wi = £; then,
(a) N = 3%, if p > p; and

(b)/\:(l—%(ﬂ)2),ifu<p.



Theorem 8 (Main Proposition in Special Cases) (a) Under Assumption 1-4 and Con-
dition (10), we have:

Wj7m = WT,IU (11)

where Wy, is: (i) Recursive estimation:

Wi =" [Be(r=p)=Bo(r—p—p)] [Be(r = p) = Be (T — p— )], (12)

(ii) Rolling estimation:

Wf,u—ul{<%> 1(p>p)+ (1—%(7“)2) '1(/~L<p)}_1>< (13)
(o -55) 8 n - ()
+{B€ (gp)—lgg <(T—u—p) (1—%))}-1(2p<7§2p+m]
[ 52) 8 (es ) o
o ()-8 (s (-2 ]

(b) Furthermore, under Assumptions 1-4 and condition F' =0, eq. (11) holds with
Wep= 1 [Be (T = p) = Be (1= p— )] [Be (1 — p) = Be (7 — p— )] (14)

We reject the null hypothesis:
HO:szﬁg, GOIOfOT’ aleR—i—m,,T (15)

if MAT, po Wim > Kag, where kqp are the critical values at the 100a% significance
level and are reported for o = 0.05 in Table 1, Panel A for eq. (12) and (14) for various
values of = m/T and number of restrictions, ¢; and in Table 1, Panel B for eq. (13) for

various combinations of u, p, ¥l



2 Proofs

Proof of Equation (1). Note that

(o

J
= <m1 Z :Cl\t:q\;

t=j—m+1

J
Z 9evern (Ve.r)

t=j—m+41

J

>

t=7—m+1

-~

0; (16)

-1

) (ml Z feen i)

t=j—m+1

)
)

From a mean value expansion of f;1), (3 r) around +* we have:

Jeon Ver) = fron + frony Ger — ") 4 Wen,

where wy, is the remainder. Furthermore, by Assumption 1(i),

j J !
m /2 Z ft+h@t,R):m_l/2 Z ft+h+m_1/2 Z ft—i—h,'thHt

t=j—m-+1 t=j—m-+1 t=j—m+1
J
—1/2
+m / E Witth,
t=7—m+1

As in the proof of equation (4.1) in West (1996), note that

(17)

J J
m~ 1?2 Z ft+hﬁBth:m_1/2FB Z Hy + A;, where

t=7—m+1

(18)
t=j—m+1
A; = m~? Z (frony — F)

t=7—m+1

J
BH,+m™"?F Y (B,— B)H,
t=7—m+1
J

+m™ 3" (fiyny — F) (B, — B) Hy.

t=j—m+1

Assumption 2 implies that the last three terms in Ej are o, (1).
Therefore, by equations (16), (17) and (18), we have:

. -1 .
J J
m1/26?j— m~! 9:9; (m_l/2 Z feen (/V\t,R))
t=j—m+1 t=j—m+1
. -1 . .
J J J
— [ m! Z /g\t/g\g (m—1/2 Z ft+h+m_l/2FB Z Ht+Aj+m_l/2
t=j—m+1 t=j—m+1 t=j—m+1
LN L (o
= [m™ 99, [, FBlem™'? >~ + Al
t=j—m+1 t=j—m-+1 H,
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where

—1
_ J PN _ 1/2 J fran im0 fin

A=A [m Y Ga] —G L FBI(E) s [ T e | ) )
t=j—m+1 t=R H, t=R H,

By Assumption 2(v) and arguments similar to West (1996, proof of equation 4.1) and West

j
and McCracken (1998, Lemma 4.1), limg_ oo sup; 'm1/2 > win| =0, (1) . In addition,
t=j—m-+1

from arguments similar to those in Lemma 4.3 in West and McCracken (1998), Assumption
, —1
j
2 and consistency of Y, g, limy_cosup; (m_l > :did;) — G| =0. Therefore,
t=j—m+1
Assumptions 1 and 2 ensure that limr_oosup; A; =0,(1). &
Proof of Proposition 1. By Hansen (1992), under Assumptions 1-4 and 7~ /2¢p — ¢

in Dg(e+q [0, 1] then

L J bRJJ.[Z 0 ft+h —C* (1 " af (8)'I€ 0
ﬁ;( 0 aR’t’j'Iq)( T > il ):>/O ( 0 ah(s,T)'fq>d€(8)’

where & (s) = SY2Bi, (s), 2t = > vey E ([fﬁ,wk th] > and

[77]
brij -1 0 bri—1, "1 0
Cr (1) = T-1/2 Z Rptj " tL _ Rit—1j " 1¢ .
=1 0 are; Iy 0 arg-15 1y

_T_1/2 R =t Zi41 (-
0 aR’j’j . [q

The proof follows from the fact that sup,Cj (7) = o, (1), using the same reasoning as
in Cavaliere (2004, Proof of Theorem 4), and the fact that the variances oy (s), 04 (s, 7) are

square integrable and bounded. m



Proof of Proposition 2. It follows directly from Proposition 1 and Assumption 2 that

j T
T-1/2 Z ( ft+h ) N / 0 (3,7’)1/2 51/2d51+q (s) .
t=R H; 0

Thus,
> T\ "? 1 & firn 1= o
m'? 6; = G~} (—) [I,, F B (— Sl == " +A =
m ﬁ t=R H, \/T t=R H,
T T—p
p PG 1, FB) ( / Q(s,7)" SV2dByyy (s) — / O (s, 7 — p)/? SV2dBy,, (s)) (19)
0 0
T—H /2 N2 g2
el ot LI S Mt ARG
+ 7, 0 (s, 7)' 2 SV2dBy (s)
Q(s, 7)) = Q(s, 7 — M)l/z] (s <T—p)
+Q(3,T)1/2 A(r—p<s<T)

= fOTw (s,7)dBisq (5) = B (fOTw (5, 7)w(s,7) ds) ,

= p~*G7 I, FB] / [ SY2dBy,, (s)
0

where w (s,7), @ (s, 7) are defined in Proposition 2. The second line follows from Assump-
tions 2 and 3 as well as Proposition 1; the last equality follows from Lemma 2 in Cavaliere
(2004). m

Proof of Proposition 3. Note that:

2 Qs,7) 2= Q(s,7—p)) (s <7 —
W(S’T):'U_EG_l[Ig,FB] < (S 7') 1587’ ,u)) (3_7‘ 'u) G2
+Q(S,7')/.1(7—_lu<8§7_>
op(s) - L(r—p<s<7) L 0
— M_%G—l [Iy, FB| 0 (on (8,7) —on(s,7—p) - 1(s <7 —p) g1/2
+on(s,7) Lt —p<s<7)

() 7,3 () ds = [T, (1 = p))ds = [T ds =



(i) Recursive case:' Let m = p/ (1 — ).

| or@antsnds= [ 1z p) () -] 1 < o)+ ()~ hu(s)] - 1(s > p)ds

:/T; [ln(T)—ln(s)]dsZ/Tiuhl(T)ds_/Tiuln(s)ds

—In(r) (7 — 7+ 1) — (In(r)r = ) + (In(r — ) (7 — ) — (v — )
= I(r)(r—p) I - ) ) T

—p—(r—p)ln <Tiu) =p[1 =7 In(1+7)],

Furthermore,

Apﬂwﬂaﬂ_JM&T_”Wd“:qum“%4nh—qu$=@—uﬂm( . ”2

:ln(T)Q,u—Zln(T)[ln(T)T—T—ln(T—,u)(T—,u)+T—,u}+
+1n(7)27—271n(7)—1—27'—1n(7'—u)2(7'—u)+2(T—u)ln(r—u)—Z(T—u)
=In(r)pu—In(r)’7+2In(7)In (1 — p) (r — )
+2In(r)p—2rIn(r) —In(r — p)* (t — ) + 2(7 — p) In (7 — p) + 2

=2+ 1In ()" (u—7) —In(r — p)* (7 = p) + 2 (7) In (7 — ) (7 — po)
+2(r—p)In(r —p) +2In(7) (L —7)

= (7)? (= 7) —In (7 — ) (7 — )

+2In (7)In (7 — ) (1 — ) +2(r — p) In (T;”)

—2M—2(7_”)ln(7iu>_<T_u> [ln(Tiu)r

Note [In(z)dz = In(z)x —x + ¢; [In(z)*dz = zin(x)? — 2zin(z) + 2z + ¢



/OT [(ah(s,T)—ah(s,T—u))2~1(s§T—u)+ai(s,7)~1(7—u<s<7)}ds

:/OTH(ah(s,T)—Uh(S,T—,u))zdS—i—/Ti o (5,7) ds

I

L e e = Rt N

—2u—2(7—u)ln< )—2u[1—%1ln(1+%)

—

T K

(ii7) Rolling case: Let 7! = £.

In the rolling estimation scheme there are two possible cases. Case (a) occurs when
T — p > p, while (b) when 7 — p < p. We consider the calculation of the respective integrals
in these two cases. We show that the covariance is the same in both cases, no matter whether
> por < p.

Case (a): 7—p > p.

This allows for two sub-cases: (i) py >p<e17—p>7—p>pand i) p<pe7—p0>
T — p > p (recall that 7 > p+ p).

In case (i),

v A s ls=ptplp<s<T—p) |

/T#Uh<8,7')0'f(8)d8—/7-u1( > p) p[ ) 1(s> T p) ]d
:/_ %[p.1(pgsgT_p)+(¢_s>-1(s>T—p)]ds=

1 1 1p 1
(B=p)+5p=n—75p u( 2#) u( zyﬂ)’

’ 7 1 Ll s Us<p)+p-Lp<s<T—)p) o
/Tﬂah(s,T)af(s)ds—/Tﬂl( =) [ +Hr—38)-1(s>7—0p) ]d a

1 1 1p? 1
—/ —[(T—S)~1(5>T—p)}d$—/ —(1 —s)ds = —'u—:—,mTT.
T—,up T 2 2

10



Furthermore,

/OT” (0 (5,7) — o (5,7 — )2 ds =

1\2 [/~ s 1s<p)+tp lp<s<T—p)+(T—5)-Ur—p<s<T)—
(_> / [s-Us<p)+p-Up<s<T—p—p+ ds =
P 0

(T—p—s)- U r—p—p<s<t—p)

2
(1)2/7_“ p-lr—p—p<s<t—p)+(tr—s)-l(t—p<s<T) J
- s
p/ Jo —(r—p—=8)-l(r—p—p<s<t1—p)

The expression above simplifies:

Hp=per—p>T—p>p

/OT_M(J;L(S,T)—ah(S,T—ﬂ))2dsz (1>2/TT_N (p—(’]‘—ﬂ—s))2dszlp'

P —p—p

In addition,

Thus,

(pu<perT—p>7—p>p

i (on (8, 7) — op (3,7'—u))2 ds =

G (p (TMS))'l(T“PSSSTmes)-l(Tp<s<”)2d5
p 0 —(r—p—=38) - W(t—pu>s>1—p)

(%) ; —(r—p—=8) Wt —p—p<s<T—p)tp-Ur—p>s>1—p)’ds

1 S 0 Y A R VP ST L
ons B A T

11



In addition,

/Tiuaz(S,T)dSI (%)2/7;}9'1(8Sp)+ﬂ'1(P<SST—p)—i—(T—S)~1(3>7-—p)]2d3:

Thus,

T—H r 3
W 21 1u 1
/0 (O-h(S’T)_O-h(S’T_Iu))2dS+/T#U}%(S)dsz?_gﬁ_i'gF:MWT <1—%)

Case (b): 7 — p < p.
Note that, since 7 > p + p, in this case the only possible subcase is ;1 < p. Thus,

T LT | s Ms<T=p)+(r=p)Ur—p<s<p)|
/T_Maf(s)ah(s,r)ds /T 1(s>p) [ ) 1s > p) ]d =

p

1/T 1 [ 12 1
= - (T—s)-1(3>p)ds:—/ T —58)ds = ="— = —pn'
P Jrp p w( ) 2

—p

Furthermore,

/OT_M (on (s,7) —opn (s, 7 — ,u))2 ds

N s ls<t—p)+(T—p) - Ut—p<s<p)+(r—35) 1(s>p)—
:(5/0 (s-1(s<T—u—p>+<r—u—p>-1(f—u—psssp)) ds
+Hr—p—35)-1(s>p)

)
>2/w (s—(T—p=p)-Ur—p—p<s<7—p)+
)

ds
((T—p)—(T—M—p))-l(T—pSsSp)+(7—8—(7—u—8))~1(8>p))

2 </T;:p (s = (T—u—p))2d8+/:pu2ds+[Hu2d8)
Z—%(MQ(M—T+P)—%M3+M2(T—20)> - (%)2 Gu—(u—p))

In addition, f:_# ol (s,T)ds =% [T (7—s)%ds =

/T_M(U (5,7) — on (5,7 — p)* ds+ ' o (s)ds = E 2 L (1 —p) +l/i_3_ f 1—L
0 n (s, n(s,m—p ws)ds={ ) (gr" — 1 =p) |43 5 =um a7 )

12



Proof of Proposition 4. From Proposition 2 (in particular, equation 19),

e 1 T T—W
m"/?0; = p~2G~' [I,, FB] ( / Q(s,7)2 SV2dBy4, (s) — / Q (s, 7 — p)'/? 5V%dB,,, (s)> .
0 0

By arguments similar to those in Proposition 2

m'/20; = B (/Ow (5,7) <S,T>'ds> _B (/O#w (5,76 (s, 7) ds>

where @ (s,7) = p2 G [I,, FB] Q (s, 7)"/? §1/2.

Furthermore,

/ & (5,76 (s,7) ds = p1G! [IZ,FB]/ Q (s, 7)"2 S (s,7) 2 ds I, FB] G~ =
0 0

fOT UJ% (s)dsSys fOT or(s)on (s, 7)dsSp
Jo or(s)on(s,7) dsSY, Jy o (s,7) dsSp

I
B'F’

Gt

lu_lG_l [Ib FB]

() Jy oF (s)ds = (7 = p);
(ii) Recursive case:

13



| etnds= [ =) 16 <o)+ )~ ()16 2 p)ds
:/p[ln( ) —1In (p)]2 ds—i—/T[ln(T)—ln(s)]st

= p (In*(r) = 2In (1) In (p) + In* (p)) + (7 — p) In* (7)

—2ln7/ In (s ds+/ (s)ds
P

= (10 () — 21 (7) In () + 10 () + (7 — p) I ()
—2In(7) (rIn(7) =7 — pln(p) + p)+

(7) = 27In (1) +27) — (pIn’ (p) — 2p1n (p) + 2p)
= pln* (1) = 2pIn (1) In (p) + pIn® (p) + (7 — p) In* (1) —
—27In?(7) + 271In(7) + 2pIn (1) In (p) — 2pln (1) +
+71In® (1) — 271In(7) + 27 — pIn® (p) + 2pIn (p) — 2p

= 27— 2p— 2pln(7) + 2pIn (p) = 27 — p) (1_ ri,oln (9)

+ (71In?

Thus,

Jo o5 (s)on (s, 7)dsSy, o 07 (s,7)dsShn

~(=s [(1 () 2<(11_—m ((%%))>)S;;]

/TQ(S 7_>1/2 SO (S 7_)1/2 ds — [ fO O'f dSSff fO O'f O’h S 7') dSth]
0

and

/OTQ(S,T)@ (5. 7) ds

_ N_IG_l [Ig, FB] fO O'f dSSff fO O'f O'h S 7') dSth Ig _1
Jo 7 (s)on(s,7)dsSY, Jo o (s,7) dsSpn | B'F
—¢ 2y, rp o (=) s | [ n ] g
" (1-:5m(z)) s 2<1—T—_pln (2)) S| | BF

T—p

14
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(iii) Rolling Case:
Case (a): T—p>p

/OTUh (s,7)of(s)ds
T 1
:/0 1(s>p) <;[S-1(s§p)+p-1(p<sST—p)+(T—S)-1(8>T—p)]>ds

[t s <m0 LT p)ds

—%(/prpdsﬂL/;p(T—S)dS) —%(p(7—2p)+w—%T2+%(T—p)2>

’

/TQ(S )2 SQ (s,7)* ds = [ (7= S (7= 20) S
o ’ (7= 30) Sin (7= 3p) S

and

(1=p)Spr (7= 13p) Spn
(r—3p) Sp (7 —35p) Shn

3 / 4 I8 nli —
p Gt (Sff (r—p)+ (7’ — 5;)) (FBS}, + SpB'F') + (7’ — §p> FBS,,B F) G

I
B'F’

-1 _

/ QO (s,7)@(s,7) ds = u G 1[I, FB]
0

15



p
1\? T—p P ) T 2
:(—) (/ 32d8+/ (1 —p) dS—l—/ (1—9) ds)
P 0 _ i
1\2 /1 L
:(5> (5(T_p>3+(T_p)2(2p_7)+72(7—p)+ 3p —7-3+7'p2)
1
_3_p2(T_P)2(4p—T)
Thus,
/TQ(S T)1/2SQ/(S 7_)1/2dS: [ (T_p>Sff %(T_p>25,fh ]
0 %p(T_p)ZS}h #(T_p)2(4p_7_)5hh
and

/OT@ (5,7)@ (5,7 ds

I
B'F’

(T —p)Sys 5 gT —p)* Spn
2_1p (7' - P)2 S}h (T;pg) (4p — 7') Shh

_ _ — ) (4p —
_=n p)G—l{Sff+ " =0) (pBS, + 5pB'F) + L1 P T)FBSth’B’} G

= :u_lG_l [Iﬁv FB]

-1

I 2p 3p°
|

Proof of Theorem 5. The proof follows directly from Propositions 2 and 3. m

Proof of Proposition 6. The result follows directly from Propositions 3 and 4 by
imposing F'=0. m

Proof of Proposition 7. From Proposition 2 note that:
/ (s, 7)@ (s,7) ds = Mlal/ [I,, FB]Q (s, 7)"/* 50 (s, 7))/ [I,, FB] dsG ™" (20)
0 0

= Iu_lG_l / [0]2‘ (S) Sff + or (S) op (S, 7') (FBShf + thB,F,) + O']?L (8,7’) FBSth/F/]dSG_l
0
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(1) Recursive case:

By imposing —%(FBSys+ S, B'F') = FBSy,, B'F' from condition (10) on equation (20),
we can have:

/T@ (5,7)& (s,7) ds = = G~ /T 03 (s) Sps + g (s)on (5,7) (FBSys + Sy B'F)
’ | | 0 +oj (s,7) FBSy,B'F'

—ite [ 0% (s) Sys = 207 () 00 (5.7) FBSu B'F"
: 0 +0? (s,7) FBSu, B'F'

dsG™!

dsG™L.

From Proposition 4 note that [ o7 (s,7)ds =2 [] o (s,7) oy (s)ds. This further sim-
plifies the expression:

T , T 2 Ser—2 ,7)FBSy,,B'F’
/ (s, T)w(s,7) ds = ,u_lG_l/ [ o5 (8) Sps = 201 () on (s,7) hh dsG™!
0 0

+O',21 (8, 7') FBSth,F,

= ,U,_IG_1 </0 O'j% (s) Sffds) G = #G_IS]@G_I

(77) Rolling case:

By imposing condition (10) on equation (20), we can further simplify:

/ @ (s,7)@(s,7) ds = M_lG_lsffG_l/ o7 (5)* = 207 () op (s,7) + 02 (s,7)]ds.  (21)
0 0
Case (a): 7T—p = p.

By Proposition 4, equation (21) simplifies to:

/OTcD (5,7)@ (5,7) ds = p~* /OT[O'f (3)2 —20¢(s)op(s,7)+ or (s, 7)2]dSG_1SffG_1 (22)

and is independent of 7.
Case (b): 7—p < p.
By Proposition 4, equation (21) simplifies to:

/OT @(s)@(s) ds =~ /OT[UJ% (8) — 204 (s)on (5,7) + 0 (5,7)]dsG 1Sy, G!
{(T —P)- 2% (r—p)+ 3—22 (p—7)* (4p—7)| G'5;,G7

1
_ ZT ; '0) (1 - (TS_—pf)Q) G18,G (23)
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Furthermore, from Proposition 2 we have that:

Qs, )= Q(s,7— )" 1(s <7 —p)

w(s,Tw(s, 1) ds = u‘lG_l/ [, FB) [
/0 0 +Q(577)1/2-1(T—u<s§7)

[Q(S,T)l/Q—Q(S,T—,u)l/z] (s <71 —p)

x S [I,, FB]' dsG™*
+Q(s,7‘)1/2 A(r—p<s<T)
(f:—u 0]% (s) ds) St
_ ,u_lG_l ) <f7—p af (8) Oh (S’T) dS) [FBShf + thB,F,]J‘_ G—l (24)

dSFBSth/F/

fflwm&ﬂ—JMaT—mf-ussr—m
0 +oi(s,7)-1(t—p<s<T)

\

(1) Recursive case:
Similar to (7), by imposing —%(FBShf + Sy B'F') = FBSy,B'F' from condition (10)
and from Proposition 3 the fact that

/TIWM&ﬂ—UM&T—mV-Hsﬁf—m

+oi(s,7)-1(t—p<s<7)

] ds = 2/ ar(s)op (s,7)ds,
T—p

we can simplify equation (24) to:

/ w(s,T)w(s, 1) ds=p G (/ o7 (s) ds) G = gGISffGl =G 'S G

0 T—W

i7') Rolling case: Let 7l = £,
p

Further, under condition (10), we have:

/ w(s,Tw(s,7)ds=p G 1SG % (25)
0

2
T T T _ _ -1 < 7 _
[ @iz ([ asnapas) s [T 0T o nr AR g )
- . : o2 (s.7) L(r—p<s<7)
By Proposition 3, equation (25) simplifies to:

Case (a): If > p, then [[w (s, 7)w(s,7) ds = $5;
Case (b): If 1 < p, then [Jw (s, 7)w(s,7)'ds=1—1 (7TT>2; n

18



Proof of Theorem 8. (a) From Proposition 2 and Theorem 5 we have

f— A. 71/\.
Wem = mb; Vo 0

=[5 ([ senssna )—Be(/;“ms,rm(s,r)’ds)]lwsx
{Bg (/0 5 (s, T)w(s,T)’ds) _B, (/OT_Ma(s,T)a(s,T)’ds)}

Under condition (10) and by the results in Proposition 7:
(7) Recursive case:
Vir = Vo= G1S1,G and By ([] @ (s,7) & (s,7) ds) = (G71S;G)? =128y (m — p).
Thus,
Wim = 1 B (1 = p) = Be (1 — = p)| [Be (1 — p) = Be (1 — = p)].
(77) Rolling case:
From Proposition 7, Vo, = Vp = (G71S;;,G™1) [(%) 1(p>p)+ <1 -3 (WT)2> A(p< p)}

Furthermore, when 7 — p < p,

([ronseos) () (- 520
= (G718, G V2B, ((T —p) (1 - %)) .

Alternatively, when 7 — p > p,

T , 2
B, (/ w(s,T)w(s,T) ds> = (G_1SffG_1)1/2 2B, (§p> :
0
Thus,

B, (/OTQ(S,TW(S,T)’ds)

— (G186 )1/2 1/2[32((70)(1( p)>>'1(M+P<T<2P)]’

+B¢ (3p) - 1(7 > 2p)
B, </OT_“(:;(S,T—ma(s,T—M)’ds)

_ (@5,0) 1/2[Bg(<rup>(1%))- (pSTu<2p)]'




Consequently,

B, (/OTJ)(s,T)w(s,T)’ds) _B, (/OT_“@(S,T—u)msm—m’ds)

Be ((r—p) (1 - 55"
= (G186 Y)Y 2 _B, ((T(TM i) pg (1 35;222)2

(B 20) =B (=) (1= Z2)) ] 120 < 7 < 2p 4 )
+0-1(1 > 2p+ p)

_ B, </07w(s,r)w(s,7')’ds>.

Thus,

Wi = B, (/Ow (5,7)w <S,T)'ds>,v0;zsg (/Ow (5,7)w <s,7)'d5) _

Zu‘l{(%)-1<u2p)+(1—é(7r*)2)-1(u<p)}1><
{5 (-0 (1- 5 8)) -5 (-0 (1- T o< <2
)

{83 (0w (- ) swersae]
|

)) A(p+p <7 <2p)

\]

3p?

X {Be((T—p) <1—%)>—Bé(<7—ﬂ—ﬂ) <1—W)>}~1(u+p§7<2p)

—l—{Bg(gp)—Bg((T—,u—p) (1-%))}.1@«32,%“}

)| -
(b) Follows directly from Proposition 6 using the same arguments in the proof of (a). m
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3 Additional Critical Value Tables

Table A.la. Critical Values for the Fluctuation Rationality Test

Recursive Case
Panel A. 10% Significance Level

p=05:u=02 p=05u=03 p=03u=02 p=03;u=0.3

5.9556 5.4013 6.9650 6.4921

9.2245 8.5250 10.1145 9.7747
11.3230 10.2160 12.2866 11.7772
13.2317 12.1300 14.1436 13.4497
14.6695 13.6400 15.8784 15.3008
16.5875 15.5707 18.3062 17.8984
18.8531 17.6269 19.7706 19.4035
19.5394 18.2724 21.4959 20.6359
22.0456 20.9694 23.3407 22.6708
23.0327 21.7260 24.6531 23.7097

Panel B. 5% Significance Level

© 00 N O Ot =W NN =S

—
]

p=05:u=02 p=05u=03 p=03u=02 p=03;u=0.3

7.6103 6.8123 8.1529 8.0414
10.7828 10.3909 12.1409 11.1946
12.6497 11.8263 14.2097 13.1495
14.8763 14.2381 15.8727 15.4504
16.4838 16.1415 17.9421 17.4355
19.1056 18.1881 20.6415 19.9306
20.3082 19.5852 21.5059 20.9714
21.9336 20.6173 23.5220 22.9359
24.6251 23.6866 25.6793 25.6762
25.3684 24.1207 26.8021 25.7949
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Panel C. 1% Significance Level

¢ p=05u=025 p=05u=03 p=03;u=025 p=03;u=0.3
1 10.2989 9.6853 11.7167 10.7821
2 14.7120 14.8595 16.8443 16.0830
3 17.1015 16.0334 19.4287 16.9283
4 17.8342 17.2788 18.7771 18.4869
) 21.2392 20.5449 22.3047 23.3458
6 23.1487 22.8962 23.6097 23.9932
7 24.5539 23.6424 25.8011 26.0693
8 27.4389 25.7965 28.1082 27.6579
9 29.1371 27.9073 30.7444 28.9690
10 29.8898 28.5949 32.6835 29.7556

Note. The table reports the critical values, kq ¢, for several restrictions (¢) at o =10%, 5% and 1%
significance levels for maz, W; m for the recursive scheme under condition (10). Critical values

are based on T' = 1000 and 1000 Monte Carlo simulations; p = R/T and = m/T.
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Table A.1b. Critical Values for the Fluctuation Rationality Test
Rolling Case
Panel A. 10% Significance Level

p=05p=025 p=05pu=03 p=03;u=025 p=03;pu=0.3

6.4740 5.5899 7.7008 7.2863

9.1746 8.5913 10.7956 10.6739

11.5663 10.8638 12.9363 12.3039

13.2258 12.6272 14.4234 13.9984

14.9127 14.6108 17.0396 16.5904

16.4976 15.6346 19.0793 18.3600

18.7578 17.7502 20.5095 19.8632

19.9329 19.2351 22.7822 22.0157

21.7496 21.2777 23.9299 23.9710

10 23.1398 22.2947 25.2720 24.8407

Panel B. 5% Significance Level

{ p=05u=025 p=05u=03 p=03;,u=025 p=03;u=0.3
1 7.7122 6.9621 8.8102 8.5989
2 10.5702 10.0698 12.4778 12.1265
3 13.2956 12.3069 14.5513 13.9501
4 14.8771 14.2805 16.6307 15.6392
5) 16.8451 16.6441 19.0969 18.6127
6 18.5144 17.5945 20.9080 20.1921
7 21.0426 19.7563 22.6405 21.9120
8 22.9293 21.4715 25.1263 24.2192
9 24.2818 23.4890 26.4981 26.1489
10 25.7621 24.6734 26.8059 26.7959

23



Panel C. 1% Significance Level

¢ p=05u=025 p=05u=03 p=03;u=025 p=03;u=0.3
1 11.0943 10.3372 11.7440 11.0335
2 13.7842 14.1051 15.6558 15.7895
3 17.2460 16.4848 18.3441 18.0914
4 18.3709 18.0079 21.0888 21.4351
) 21.6826 20.6014 22.3863 22.5591
6 22.7820 22.9287 25.9931 25.1753
7 24.9451 23.4760 26.5961 25.3780
8 27.9311 26.4139 28.7270 28.1257
9 30.1262 28.8866 32.1298 30.3945
10 31.0603 30.4121 31.7719 32.4430

Note. The table reports the critical values, kq ¢, for several restrictions (¢) at o =10%, 5% and 1%
significance levels for maz, W; m for the rolling scheme under condition (10). Critical values are

based on 7' = 1000 and 1000 Monte Carlo simulations; p = R/T and p = m/T.
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Table A.1c. Critical Values for the Fluctuation Rationality Test

Survey and Model-Free Forecasts
Panel A. 10% Significance Level

© 00 N O Ot =W NN RS

0.1

0.2

0.3

0.4

1
0.5

0.6

0.7

0.8

0.9

10.0909
13.2456
15.9915
18.4447
19.9690
22.3413
24.3462
26.5930
27.8409
29.2933

8.8274
11.4773
14.2049
15.5897
18.2447
20.3183
22.3182
23.8825
26.0117
27.1103

7.7116
10.7955
13.3396
15.1254
16.7190
19.1924
21.0891
22.4070
24.5040
25.8483

6.9555

9.6482
11.6461
13.8661
15.7116
18.0867
20.0822
21.6763
23.3912
24.6502

6.4272

9.3648
11.4939
13.2415
15.0672
17.3395
18.4705
20.1078
21.4939
23.4647

5.8410

8.3442
10.4839
12.7312
14.1355
15.6658
17.7375
18.7631
20.6265
22.5659

4.9404

7.7478

9.3900
11.5331
13.1798
14.7640
16.8276
18.1456
19.2173
20.6670

4.8508

7.4669

8.9699
10.7335
12.1317
13.4408
15.6473
17.0475
18.0560
20.0081

4.0096
6.2243
7.9423
9.3509
11.4857
12.3823
13.9220
15.8832
17.2398
18.4020

Panel B. 5%

Significance Level

© 00 N O Tt s W NS

—
)

0.1

0.2

0.3

0.4

1
0.5

0.6

0.7

0.8

0.9

11.8290
14.9966
17.6768
19.8434
21.7091
24.2721
26.2869
28.3030
29.5489
31.7548

10.5637
13.0846
15.7548
17.6051
20.4659
22.4870
24.2644
25.7461
27.9249
29.4709

8.9252
12.8141
15.0608
17.0158
18.7186
20.9717
22.8543
24.3315
26.8101
27.5980

8.1468
10.9084
13.4383
16.3186
18.2152
20.2839
21.6818
23.4497
25.2662
27.0357

8.1409
11.1314
13.2113
15.1404
17.1092
20.2971
20.5974
22.4328
24.2510
25.3011

7.2803

9.9386
12.6018
14.7573
15.6317
17.8602
20.1200
21.1563
22.7821
25.3250

6.4978

9.1724
10.9597
13.5928
15.4842
16.5583
19.0697
20.3632
21.7109
23.4556

6.0837

9.0589
10.8426
13.1087
13.9418
15.4633
17.7064
19.1440
20.2745
22.6180

5.4695

7.8305

9.4727
10.8243
13.6335
14.4789
15.9126
18.1475
19.7147
21.6647
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Panel B. 1% Significance Level

1L
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

14

1 15.0484 14.0966 12.0133 12.5257 11.2177 10.5051 9.4237 8.5435  8.2030
2 18.5865 15.9096 16.8898 14.1998 14.0067 14.1862 12.5407 12.8689 10.4675
3 22.2589 18.4610 18.1309 16.6749 16.6152 16.6209 15.1820 14.2981 12.7461
4 23.2931 22.6241 20.4215 20.1829 18.5263 18.7161 17.1985 16.8407 15.3503
95 259859 249017 22.1130 22.3233 22.0671 19.2611 19.5215 17.5694 18.9347
6 28.3701 27.1948 25.1033 24.2014 24.8307 22.2983 20.9119 19.1080 18.0740
7 31.4425 289881 27.1075 26.9725 24.3925 24.0897 24.2268 21.7648 20.5248
8 324669 29.5149 28.6144 28.1559 26.8484 26.2502 25.2785 23.0942 22.8633
9 33.7114 35.2864 31.3305 29.5492 29.0904 28.2170 25.6922 26.0238 24.8479
10 36.6704 33.1601 32.2650 32.6074 30.0138 31.1782 27.3047 25.9979 26.2313

Note. The table reports the critical values, kq ¢, for several restrictions (¢) at a =10%, 5% and 1%

significance levels for maz, W, .m for the case when parameter estimation error is irrelevant as in

€{R+m,...,T}

Corollary 9 in the paper. Critical values are based on P = 1000 and 1000 Monte Carlo simulations;
p=m/P.
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4 Additional Data Figures

Figure A.1: Inflation Forecasts

Inflation atquarter h=0 Inflation atquarter h=1

actual actual

L ) d L 4
12 ! —— —Greenbook 12 ———Greenbook

oL, . . . . . . . oL, . . . . . . .
1970 1975 1980 1985 1990 1995 2000 2005 1970 1975 1980 1985 1990 1995 2000 2005
Inflation atquarter h=2 Inflation atquarter h=3
T T T T T T T T T T T T T T T T
actual actual
2r — - —Greenbook| | 12 ———-Greenbook| |

10

oL, . . . . . . . oL, . . . . . . .
1970 1975 1980 1985 1990 1995 2000 2005 1970 1975 1980 1985 1990 1995 2000 2005
Inflation atquarter h=4 Inflation atquarter h=5
T T T T T T T T T T T T T T T T
actual
2r — - —Greenbook| | 12 1

10 10 1
actual

= ==Greenbook

oL, . . . . . . . 1 oL, . . . . . . . 1
1970 1975 1980 1985 1990 1995 2000 2005 1970 1975 1980 1985 1990 1995 2000 2005

Note. The figure plots Greenbook, BCEI and SPF forecasts of inflation for various forecast horizons h in
conjunction with the realized values of inflation, labeled as “actual,” for the corresponding horizon. If a

forecast for a specific horizon by the corresponding agency does not exist, it is depicted as a missing value.
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