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Proof of equations (9) and (12):

Equation (9) gives the weights

wt;t =
1

ct
�0��1u

wt;� =
1

c�

1

V� j��1
�wt;�+1 = B��wt;�+1 for � = t� 1; :::; 1 (A.1)

where ct is the total precision of the estimation of the common factor given by

ct =
1

Vtjt�1
+�0��1u � (A.2)

and Vtjt�1 is the mean square error (MSE) of the misspeci�ed state estimated at t with information

up to time t and B� is de�ned as

B� =
1

c��1

1

V� j��1
: (A.3)

These weights are used to compute the �ltered common factor

f�tjt = d0 +
tX

�=1

w0
t;�y� (A.4)

where d0 =
Pt

�=1(
tY

j=�+1
j�t

1
cj

1
Vjjj�1

)�t��d in case that d 6= 0:To derive the expression in (1), notice

that according to the Kalman �lter equations (see, for instance, Harvey, 1989, page 106, equation

3.2.3a) the updated state is given by

f�tjt = f�tjt�1 + Vtjt�1�
0��1tjt�1(yt ��f

�
tjt�1) (A.5)

= (1� Vtjt�1�0��1tjt�1�)f
�
tjt�1 + Vtjt�1�

0��1tjt�1yt

where �tjt�1 is the one-step ahead variance-covariance matrix for the observed series

�tjt�1 = �Vtjt�1�
0 +�u; (A.6)

see, Harvey 1989, page 106, equation 3.2.3c. Taking into account the matrix inversion lemma or

Woodbury formula, (see, for instance, Rao, 1973)

��1tjt�1 = ��1u ���1u �
�
V �1tjt�1 +�

0��1u �
��1

�0��1u (A.7)

= ��1u � 1

ct
��1u ��0��1u :

Then, the Kalman �lter gain Kt = Vtjt�1�
0��1� j��1 can be written as

Vtjt�1�
0��1tjt�1 = Vtjt�1�

0��1u �
Vtjt�1

ct
�0��1u ��0��1u

=

�
1� �

0��1u �

ct

�
Vtjt�1�

0��1u

=
1

ct
�0��1u (A.8)
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and (1� Vtjt�1�0��1tjt�1�) as

1� Vtjt�1�0��1tjt�1� = 1� 1

ct
�0��1u �

=

1
Vtjt�1

1
Vtjt�1

+�0��1u �

=
1

ct

1

Vtjt�1
: (A.9)

Plugging in (1) and (1) into (1),

f�tjt =
1

ct

1

Vtjt�1
f�tjt�1 +

1

ct
�0��1u yt

=
1

ct

�
1

Vtjt�1
f�tjt�1 +�

0��1u yt

�
(A.10)

which is equation (12).

Taking into account the Kalman forecasting equation for the state, given, for instance, in Harvey,

page 105, equation (3.2.2a), the previous equation (equation (12) in the main text), then

f�tjt =
1

ct

1

Vtjt�1

�
d+ �f�t�1jt�1

�
+
1

ct
�0��1u yt

By backward substitution, given zero initial conditions for the state,

f�tjt =
1

ct

1

Vtjt�1
d+

1

ct

1

Vtjt�1
�f�t�1jt�1 +

1

ct
�0��1u yt

=
1

ct

1

Vtjt�1
d+

1

ct

1

Vtjt�1
�

�
1

ct�1

1

Vt�1jt�2

�
d+ �f�t�2jt�2

�
+

1

ct�1
�0��1u yt�1

�
+
1

ct
�0��1u yt

=
1

ct

1

Vtjt�1
d+

1

ct

1

Vtjt�1

1

ct�1

1

Vt�1jt�2
�d+

1

ct

1

Vtjt�1

1

ct�1

1

Vt�1jt�2
�2f�t�2jt�2

+
1

ct

1

Vtjt�1

�

ct�1
�0��1u yt�1 +

1

ct
�0��1u yt

= ::: =

= d0 +
tX

�=1

0BB@ tY
j=�+1
j�t

1

cj

1

Vjjj�1

1CCA �t��

c�
�0��1u y�

= d0 +
tX

�=1

w0
t;�y� :

Therefore, it is easy to check that

wt;t =
1

ct
�0��1u

wt;t�1 =
1

ct

1

Vtjt�1

1

ct�1
��0��1u =

1

ct
Bt�1��

0��1u = Bt�1�wt;t

wt;t�2 =
1

ct

1

Vtjt�1

1

ct�1

1

Vt�1jt�2

1

ct�2
�2�0��1u =

1

ct
Bt�1Bt�2�

2�0��1u = Bt�2�wt;t�1

and so on.
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Proof of equations (10)-(11)

The algebraic Riccati equation can be found, for instance, in Harvey (1989), page 118, equation

(3.3.14) for general time-invariant �lters or in Peña and Poncela (2004), equation (A.10) for one

factor models with autoregressive parameter � where � = 1
N

PN
i=1

�2i
�2i
and m = N: >From the latest

reference, the algebraic Riccati equation for the linearized Kalman �lter implies that V satis�es

NX
i=1

�2i
�2i
V 2 �

 
NX
i=1

�2i
�2i
+ �2 � 1

!
V � 1 = 0:

Solving for V and taking the positive root

V =

PN
i=1

�2i
�2i
+ �2 � 1 +

r�PN
i=1

�2i
�2i
+ �2 � 1

�2
+ 4

PN
i=1

�2i
�2i

2
PN

i=1
�2i
�2i

=

PN
i=1

�2i
�2i
�
�
1� �2

�
+

r�PN
i=1

�2i
�2i
�
�
1� �2

��2
+ 4

PN
i=1

�2i
�2i

2
PN

i=1
�2i
�2i

which is equation (10) in the main text.

Equation (11) is then obtained plugging (10) into the de�nition of Bt given in (A.3), taking into
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account that on the steady state Vtjt�1 = V and ct�1 = c = 1
V +�

0��1u �; then

B =
1

c

1

V

=
1
V

1
V +�

0��1u �
=

=
2
PN

i=1
�2i
�2iPN

i=1
�2i
�2i
�
�
1� �2

�
+

r�PN
i=1

�2i
�2i
�
�
1� �2

��2
+ 4

PN
i=1

�2i
�2i

� 1

2
PN

i=1

�2
i

�2
iPN

i=1

�2
i

�2
i

�(1��2)+

s�PN
i=1

�2
i

�2
i

�(1��2)
�2
+4

PN
i=1

�2
i

�2
i

+
PN

i=1
�2i
�2i

=
2PN

i=1
�2i
�2i
�
�
1� �2

�
+

r�PN
i=1

�2i
�2i
�
�
1� �2

��2
+ 4

PN
i=1

�2i
�2i

� 1
2PN

i=1

�2
i

�2
i

�(1��2)+

s�PN
i=1

�2
i

�2
i

�(1��2)
�2
+4

PN
i=1

�2
i

�2
i

+ 1

=
2PN

i=1
�2i
�2i
�
�
1� �2

�
+

r�PN
i=1

�2i
�2i
�
�
1� �2

��2
+ 4

PN
i=1

�2i
�2i

�

PN
i=1

�2i
�2i
�
�
1� �2

�
+

r�PN
i=1

�2i
�2i
�
�
1� �2

��2
+ 4

PN
i=1

�2i
�2i

2 +
PN

i=1
�2i
�2i
�
�
1� �2

�
+

r�PN
i=1

�2i
�2i
�
�
1� �2

��2
+ 4

PN
i=1

�2i
�2i

=
2

2 +
PN

i=1
�2i
�2i
�
�
1� �2

�
+

r�PN
i=1

�2i
�2i
�
�
1� �2

��2
+ 4

PN
i=1

�2i
�2i

=
2PN

i=1
�2i
�2i
+
�
1 + �2

�
+

r�PN
i=1

�2i
�2i
�
�
1� �2

��2
+ 4

PN
i=1

�2i
�2i

which is equation (11).
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Proof of Proposition 1

The conditional distribution of the N -th indicator , f(yN;tjst = i; I1;t), is given by

f(yN;tjst = i; I1;t) =
1q

2��2N j1

exp

 
� 1

2�2N j1

�
yN;t � y(i)N;tjt

�2!
;

where y(i)N;tjt and �
2
N j1 are its mean and variance which can be derived by using the well-known expres-

sions for the conditional �rst two moments of a multivariate normal random vector. Let y(N�1);t =

(y1;t; :::; yN�1;t)
0 be the vector of the N�1 �rst observed series, �N1 = cov(yN;t;y(N�1);tjst = i) the

1� (N � 1) vector of conditional covariances between yN;t and the elements of the vector y(N�1);t,

�11 = var(y(N�1);tjst = i) the (N � 1) �(N � 1) conditional covariance matrix of y(N�1);t, e�
= (�1; :::; �N�1)

0 the (N �1) �1 vector of factor loadings associated with the elements of the vector

y(N�1);t, and e�u = diag(�21; :::; �2N�1) the (N � 1) �(N � 1) diagonal covariance matrix associated
with the observation equation for the �rst N � 1 variables. Taking into account that

�N1 = �
2
a�N

e�0;
and that

�11 = �
2
a
e�e�0 + e�u;

one can use the expression for the inverse of the sum of two matrices or Woodbury formula to

compute the inverse of �11 as

��111 = e��1u � e��1u e��e�0 e��1u e�+ 1

�2a

��1 e�0 e��1u
= e��1u � 1

1
�2a
+
PN�1

i=1
�2i
�2i

e��1u e�e�0 e��1u :

Hence, the conditional mean y(i)N;tjt can be expressed as

y
(i)
N;tjt = E(yN;tjst = i; I1;t) = E(yN;tjst = i; y1;t; ::::; yN�1;t)

= E(yN;tjst = i) +�N1��111 (y(N�1);t � E(y(N�1);tjst = i))

= �N�i + �
2
a�N

e�0
0@e��1u � 1

1
�2a
+
PN�1

i=1
�2i
�2i

e��1u e�e�0 e��1u
1A (y(N�1);t � e��i)

= �N

0B@�i + 1

1
�2a
+
PN�1

j=1

�2j
�2j

e�0 e��1u (y(N�1);t � e��i)
1CA ;

= �Nf
(i)
tjt ;
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where

f
(i)
tjt =

0B@�i + 1

1
�2a
+
PN�1

j=1

�2j
�2j

e�0 e��1u (y(N�1);t � e��i)
1CA : (A.11)

The conditional variance, �2N j1, can be expressed as

�2N j1 = var(yN;tjst = i; I1;t) = var(yN;tjst = i; y1;t; ::::; yN�1;t) =

= var(yN;tjst = i)��N1��111 �1N

= �2N�
2
a + �

2
N � �4a�2N e�0

0@e��1u � 1

1
�2a
+
PN�1

i=1
�2i
�2i

e��1u e�e�0
1A e�

= �2N�
2
a + �

2
N � �4a�2N

0B@N�1X
i=1

�2i
�2i
�

�PN�1
i=1

�2i
�2i

�2
1
�2a
+
PN�1

i=1
�2i
�2i

1CA
= �2N +

�2N
1
�2a
+
PN�1

i=1
�2i
�2i

: (A.12)

Finally, then the KL divergence is given by

KL =

Z
ln
f(yN;tjst = 1; I1;t)
f(yN;tjst = 0; I1;t)

f(yN;tjst = 1; I1;t)dyN;t

=
1

2��2N j1

Z ��
yN;t � �Nf (0)tjt

�2
�
�
yN;t � �Nf (1)tjt

�2�
f(yN;tjst = 1; I1;t)dyN;t

=
1

2�2N j1

Z �
2yN;t�N

�
f
(1)
tjt � f

(0)
tjt

�
+ �2N

��
f
(0)
tjt

�2
�
�
f
(1)
tjt

�2��
f(yN;tjst = 1; I1;t)dyN;t

=
1

2�2N j1

�
2�2Nf

(1)
tjt

�
f
(1)
tjt � f

(0)
tjt

�
+ �2N

��
f
(0)
tjt

�2
�
�
f
(1)
tjt

�2��
=

�2N
2�2N j1

��
f
(1)
tjt

�2
� 2f (1)tjt f

(0)
tjt +

�
f
(0)
tjt

�2�
=

�2N
2�2N j1

�
f
(1)
tjt � f

(0)
tjt

�2
=

�2N (�0 � �1)2
2�2N

1
�2a

1
�2a
+
PN�1

i=1
�2i
�2i

1
�2a

1
�2a
+
PN

i=1
�2i
�2i

:

where the last expression is obtained substituting �2N j1 and f
(i)
tjt , i = 0; 1 given by (A.12) and (A.11),

respectively.
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